Homework 9 — Eigenvalues and Diagonalization

1. Find all eigenvalues of the matrix A:

A=
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2. For each eigenvalue found in Problem 1, determine the corresponding eigenvectors.

3. Is the matrix A diagonalizable? If so, find an invertible matrix P and diagonal matrix D
such that A = PDP™!,

4. Using the diagonalization from Problem 3 (or another method if A is not diagonalizable),
compute AS.

5. Let B be a real symmetric 3 x 3 matrix with eigenvalues Ay = 1, Ay = 3, A3 = 5. Without
computing B directly, find det(B) and tr(B).



1) A is upper triangulars so the eiqenvalues are just the diagpnal entries:
A= A,=3 Az

2) For each eigenvalue we solve (A — 11)x = 0O~
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A= Rowreduce A —1I"
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From yow 2. X3 = —x3/2 Fromvow |: x| = —x; = x3/2. Setting x3 = 2
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Eigenvector: vy = [—I],
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3) We have 3 distinct eiqgenvalues, so we 9et S linearly independent eiopnvectorss which means A is
dioopnolizabler <etting P =[v, vy | val

I 200
P :[0 [ —l]/ D:[O 3 O]

00 2 o 0 [
and A= PDP~I.

P Since A = PPOP -1/ we have AS = PDSP =!. First, DS = diag(22 240y 1),
Now we need P '\ Since P is upper trianaulor, we can fnd P~ directly:
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(You can verify PP~ =1.) Now we compute P DS {rst:
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Then A5 = (PD)P "
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Computing eoch entry:
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S) The delerminant is the product of the eigenvalues and the trace is thei sum:
det(B) = 2y -4-23=1-3.5= 1[5
tf(B):ﬂ, + 4y + A3 = ] +3+35=19

These follow because the characteristic po 3mom.0L is (1 = )(a=A -5), and exponding it shows
the constant term (up to sign) gives the dete minant while the coe f€ient of A gves the trace- This
works for any squore matrixs not st sym melric ones-



